The Ramsey number r=r(G1-GZ-...-G,,,,H1-Hz-...-Hn) denotes the smallest r such that every 2-coloring of the edges of the complete graph K, contains a subgraph Gi with all edges of one color, or a subgraph Hi with all edges of a second color. These Ramsey numbers are determined for all sets of graphs with at most four vertices, and in the diagonal case (m = n, Gi = Hi) for all pairs of graphs, one with at most four and the other with five vertices, so as for all sets of graphs with five vertices.
Introduction
The Ramsey number r = r (G, H) is the smallest I, such that every 2-coloring of the edges of the complete graph K, contains a graph G, with all edges of one color (green), or a graph H, with all edges of a second color (red). The graphs G and H are simple and without isolates. If G=H then r(G, H)=r (G) is the so-called diagonal Ramsey number. For complete graphs with at least 3 vertices, there are only 8 values known: r(K4)= 18 and r(K3, K,)=6, 9, 14, 18, 23, 28, 36 for n=3,4,. . .,9 (see [14] ). If all graphs with 2 to 5 vertices are labelled in order, as in Fig. 1 , then their Ramsey numbers are listed in Tables l-3 . Only 8 of all these 561 Ramsey numbers are still unknown. Table 1 is proved in [3] , the values of Table 2 are from [l, 4,5,11], and for Table 3 see 1123. For graphs with more than 5 vertices only few Ramsey numbers are known, as for example, all diagonal numbers for graphs with at most 7 edges [2, lo] , r(K3, H) with (HI=6 [7] , or r(Kz,4)= 18 [6] , and r(K3,3)= 18 [9] .
It was proposed by Parsons [13] already in 1978 that the Ramsey numbers be considered for sets of graphs, but these numbers are known only for some few sets.
In this paper, we use G,-G2-..' -G, = {G,, GZ, . . . , G,} and define
r=r(G1-G2-... -G,, HI-Hz-... -H,)
to be the smallest r, such that every 2-coloring of the edges of the complete graph K, contains a subgraph Gi, 1 <i < m, with all edges of one color (green), or a subgraph
Hi, 1 <id n, with all edges of a second color (red). If m=n and
Gi= Hi for 1~ i<n, then these numbers are called the diagonal Ramsey numbers r(G1-G2-... -G,).
In the following, we gather 508 Ramsey numbers for sets of small graphs. 1  2  3  4  513  8  9  10  14  10  10  11  18  7  9  10  13  8  9  10  14  9  9  11  14  10  10  11  18  9  11  11  17  11  11  13  19  14  14  16  25-27 Of course, only those sets of graphs have to be considered in which no graph is a subgraph of another graph of the set, since the deletion of the larger graph leaves the Ramsey number unchanged.
Ramse.,: numbers for sets of small graphs
In Table 4 , we present all Ramsey numbers: (i) for all sets of graphs with at most 4 vertices (198), (ii) in the diagonal case for all sets of 2 graphs, one with at most 4 and one with 5 vertices (65), (iii) in the diagonal case for all sets of graphs with 5 vertices (245). The first column of Table 4 gives the sets of graphs labelled as in Fig. 1 . The second column contains the Ramsey numbers. In the third column, graphs of Figs. 1 and 2 are listed which, as green graphs, prove the lower bounds. Column 4 contains other Ramsey numbers whenever these can serve as upper bound.
Proofs for Table 4
The lower bounds follow immediately from the graphs in column 3 of Table 4 . The upper bounds often can be deduced from already known Ramsey following relations are observed:
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Thus, it is not necessary to prove the upper bound for all 508 Ramsey numbers of Table 4 separately. There remain only those 37 cases where column 4 of Table 4 is empty. The proofs are as follows where Fj denotes the graph j of Fig. 1 r(F,)=6) , it remains that all vertices of K8 have red degree =2. Then the red graph is a Cs and the green graph contains Flo. r(4,5-6-7) ~4. A green F2 yields a green F, or a red FT. Thus, the green graph is a subgraph of F5 or F6 and the red graph contains F6 or Fg, respectively. r&2-5-6) ~4. Without red Fl, F5 and Fe, at most 2 red edges occur which then are adjacent, so that a green Fs is determined. r(4-5,5-7)<4, r(4-6,6-7)<4. Because r(2%5,5) = r(2-6,6) =4, a green F2 can be assumed. Any further green edge determines a green F4 so that a red F, remains. r(7-8,4-5-6)<4. Without red Fq, F, and Fe, at least 4 green edges exist which form an F7 or Fg. r(ll-10)<5. Without a red Flo, there exist 2 independent green edges. The remaining vertex is connected in red to both green edges if a green F1 1 is avoided. Any further red edge determines a red F 1 1 so that a green Flo is determined.
r(12-9)<5. From r(F4)= 5, we can assume the edges (2,3), (3, 4) and (4,5) to be green. Without green F 12 then, (1,2) and (1,5) are red. If a red F 1 2 is avoided then (2, 4) or (3,5), say (2,4), is green. Without green Fg then, (2,5) and (3, 5) are red, and (1,3) green or red determines a green F, 2 or a red Fg, respectively. r(14-10)<6. Since r(F16)=6, we can assume the edges (1,2), (2,3), (2,6), (3, 5) , and (5,6) to be green. A monochromatic F 14 is avoided if (1,3), (1,6), (3, 6 ) are red; then (2,4), (2,5), (4,5) are green, and then (1,4), (3, 4) , (4, 6) are red, so that { 1,3,4,6) is a red F,,. r(17-10)67. From r(F,)=7, the edges (1,2), (1,3), (1,7), (2,3) can be assumed to be green. Without a green F,,, both vertices 2 and 3 are connected in red to {4,5,6}, which is a green triangle, or a red F 17 occurs. One edge from 7 to {4,5,6}, say (6,7), is red, or a green F 1o is determined. To avoid a red F1 7, edges (2,7) and (3,7) have to be green, and then { 1,2,3,7) is a green Flo.
r(18-10)67.Edges(l,2),(1,3),(1,7),(2,7)canbeassumedingreenbecauser(F,)=7. Without a green F1s, vertex 3 is connected in red to {4,5,6}, which is a green triangle since, otherwise, a red F 18 or a green F 1o occurs. Without a green Fls, all edges from (1,237) to {4,5,6} are red. Without a green Flo, one edge of (2, 3) and (3,7) is red, and a red F18 exists. r(19-10)6 7. We can assume that one vertex is incident to 4 green edges. r(23-9)Q7, r(24-9)67. We can assume that one vertex is incident to 4 edges of the same color, say vertex 1 is connected in green to vertices 2,3,4,5. Without a monochromatic Fg, there are exactly 2 green edges in (2,3,4,5} which then are independent. This implies a green Fz4. A red Fz3 is determined if another vertex is connected to {2,3,4,5} by 3 red edges. Otherwise, 2 green edges from another vertex to {2,3,4,5} determine a green Fg or a green Fz3.
r(23-10)~s. Since r(20-10)=7, we can assume that the consecutive vertices in T= { 1,2,3,4,5} form a green FzO, and, without a green Fz3, the remaining edges in Tform a red Fz,,. Without a monochromatic Fz3, every vertex 6,7 or 8, is connected to T by exactly 3 edges of one color, and these edges are incident only to 3 consecutive vertices of that FzO in T of the same color. Thus, we can assume (1,6), (2, 6) , (3, 6) to be green. Then, without a green Fz3, we can assume (3,7), (4,7), (5,7) to be green, and then every possible connection of 8 to T determines a monochromatic Fz3. r( 14-29) < 6. Since r(F 16) = 6, we can assume (1,2), (2,3), (2, 6) , (3, 5) , (5,6) to be green. . Without a red Fz5, one edge between 4 and {3,5,6} has to be green. Let (3,4) be green, then (2,4), (4, 5) , (4, 6) are red. Without a red Fzo, edges (2, 5) and (3, 6) are green, which then determine a green Fz6. By symmetry, (4,5) is green, and thus (2,4), (3, 4) , (4, 6) are red. Without a red F2,,, edge (2,5) is green. Then a green Fz6 is avoided by a red edge (3, 6) . At last, (1,4) determines a red Fz6 or a green Fzo. r(21-23-25)<6. From r(F16)=6, we can assume (1,2), (2, 3) , (2, 6) , (3, 5) , (5,6) to be green. Then (1,3), (1,5), (1,6), (3, 6) have to be red. Without a green Fzs and a red Fzl, we can assume (3, 4) to be red and (4,6) green, and then (4,5) determines a monochromatic Fz3.
r(21-24-25) < 7, ~$22-24-26) d 7, r(22-23-25) < 7. Since ~(23-9) = r(24-9) = 7, we can assume a green Fg. If a green Fzl or Fz2 is avoided then 2 vertices of the green Fg, together with the remaining 3 vertices, determine a red Fzs.
r(14-1517-20)<5, r(15-16-17-20)<5, r(15-17-l&20-25)65. We can assume a green triangle T= { 1,2,3} if no monochromatic Fzo occurs. Without a green F15 or FIT, we may assume that 4 is connected in red to T. Without a red F15, edge (4,5) has to be green. Then a green F14 exists in the first case, 2 green or 2 red edges from 5 to T determine a monochromatic F16 in the second case, and one green or 3 red edges from 5 to T determine a green FIB or a red Fz5, respectively, in the third case.
Concluding remarks
There are 152,290, 255, 110, and 20 sets with 2,3,4,5 and 6 graphs from Fig. 1, i. e. 827 altogether. Subsequently, there are 368842 Ramsey numbers in question for different pairs of sets of graphs with 2-5 vertices, and with one set of at least 2 graphs. It seems hopeless to list all these Ramsey numbers. However, since Table 4 includes already 322 of the 827 diagonal Ramsey numbers for sets of at least 2 graphs of Fig. 1 , it may be possible to gather the remaining 505 diagonal Ramsey numbers.
In general, it could be of interest to discuss those sets of graphs for which their Ramsey number equals the largest number of vertices of all graphs in the sets.
Finally, it may be noted that Table 4 contains the Ramsey number 8 only three times. Is there any reason for the rarity of this special number?
